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A note on the discrete Cauchy-Kovalevskaya
extension
Nelson Faustino
Abstract. In this paper we exploit the umbral calculus framework to re-
formulate the so-called discrete Cauchy-Kovalevskaya extension in the
scope of hypercomplex variables. The key idea is to consider not only
formal power series representation for the underlying solution, but also
integral representations for the Chebyshev polynomials of first and sec-
ond kind by means of its Cauchy principal values. It turns out that
the resulting integral representation associated to our toy problem is
a space-time Fourier type inversion formula. Moreover, with the aid
of some Laplace transform identities involving the generalized Mittag-
Leffler function we are able to establish a link with a Cauchy problem
of differential-difference type.
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1. Introduction
Apart the big advances of Augustin-Louis Cauchy (cf. [C84, Subsection 2.3])
and Karl Weierstraß (cf. [C84, Subsection 2.4]), Sonya Kovalevskaya’s ap-
proach (cf. [C84, Subsection 2.5]) may be considered as one of the major
landmarks obtained on the nineteenth-century for the study of analytic rep-
resentations for the solutions of partial differential equations (PDE’s).
Its uselfulness in the field of hypercomplex variables is undisputed,
largely due to the pioneering work of Fransiscus Sommen [S81]. An immediate
consequence of such kind of construction is that variants of Kovalevskaya’s
results – namely the ones associated to PDE’s in the ’normal form’ (cf. [C84,
p. 32])– may be used successively as a tool to generate null solutions for
Dirac-type operators, the so-called monogenic functions. We refer to [DSS92,
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pp. 265-268] for the generalized theory in the context of hypercomplex vari-
ables, and to [DSS92, Chapter III] for a wide class of examples involving
spherical monogenics and other generating classes of special functions. For a
fractional calculus counterpart of Kovalevskaya’s result involving Gegenbauer
polynomials we refer to [V17].
The discrete counterpart for the Cauchy-Kovalevskaya’s approach was
already investigated by De Ridder et al (cf. [RSS10]) and Constales & De
Ridder (cf. [CR14]) using slightly different approaches. In the first approach
(2010), the authors mimic the continuous counterpart by means of Taylor
series expansions in interplay with the so-called skew-Weyl relations, formely
introduced on the paper [RSKS10]. In the second approach (2014) the authors
provided an alternative construction for [RSS10], using solely operational
identities associated to the Chebyshev polynomials of first and second kind
(cf. [M93, p. 170]):
Tk(λ) = cos(k cos
−1(λ)) resp. Uk−1(λ) =
sin(k cos−1(λ))√
1− λ2 . (1.1)
In the present paper we reformulate the approaches considered on both
papers. The construction stated in section 3 makes use of Roman’s umbral
calculus approach [R84] and of the discrete Fourier theory considered by
Gu¨rlebeck and Spro¨ßig on their former book [GS97], following up author’s
recent contribution [F18]. In section 4 it was obtained an explicit space-
time integral representation for the Cauchy-Kovalevskaya extension on the
momentum space, based on Cauchy principal value representations for (1.1),
and on a Laplace transform identity associated to the generalized Mittag-
Leffler function (cf. [SKM93, p. 21])
Eα,β(z) =
∞∑
k=0
zk
Γ(β + αk)
, for ℜ(α) > 0 & ℜ(β) > 0. (1.2)
With such construction we provide a further effort toward opening a
wider scenario on the theory of discrete hypercomplex variables in inter-
play with fractional integro-differential type operators (cf. [SKM93, Chapter
5]), with the hope that this may contribute to further developments on the
field towards the discrete analogues for the Littlewood-Paley-Stein theory (cf.
[SW00, MSW02, P09]).
2. Problem setup
The approach proposed throughout this paper is centered around the solution
of a first order difference-difference Cauchy problem on the space-time lattice
hZn × τZ≥0 :=
{
(x, t) ∈ Rn × [0,∞) : x
h
∈ Zn & t
τ
∈ Z
}
involving the finite difference discretization Dh for the Dirac operator over
the Clifford algebra Cℓn,n, considered by the author in [F16, F17].
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To motivate our approach let us take at a first glance a close look to
the following second order Cauchy problem on hZn × τZ≥0:

Ψ(x, t+ τ) + Ψ(x, t− τ)− 2Ψ(x, t)
τ2
= ∆hΨ(x, t) for (x, t) ∈ hZn × τZ≥0
Ψ(x, 0) = Φ0(x) for x ∈ hZn
[LtΨ(x, t)]t=0 = Φ1(x) for x ∈ hZn
(2.1)
The above problem corresponds to a difference-difference discretization
of the Cauchy problem of Klein-Gordon type the massless limit m → 0
(cf. [R82, section 4.]).
Here
∆hΨ(x, t) =
n∑
j=1
Ψ(x+ hej , t) + Ψ(x− hej, t)− 2Ψ(x, t)
h2
. (2.2)
corresponds to the finite difference action of the discrete Laplacian on the
space-time lattice hZn × τZ≥0 (cf. [F18, subsection 1.2.]), whereas Lt is a
finite difference operator satisfying the second-order constraint
Lt(LtΨ(x, t)) =
Ψ(x, t+ τ) + Ψ(x, t− τ) − 2Ψ(x, t)
τ2
.
For the case where Lt is a finite difference operator defined as
LtΨ(x, t) =
Ψ
(
x, t+ τ2
)−Ψ (x, t− τ2 )
τ
,
it was depicted by the author in his recent contribution (cf. [F18, subsec-
tion 4.1.]) that the solution of the difference-difference evolution problem
(2.1) may be derived from the Cauchy principal values representations for
the Chebyshev polynomials of first and second kind, Tk(λ) resp. Uk−1(λ)
(cf. [M93, subsection 4.1,p. 173]):
Tk(λ) = − 1
π
∫ 1
−1
(
1− s2) 12 Uk−1(s)
s− λ ds
Uk−1(λ) =
1
π
∫ 1
−1
(
1− s2)− 12 Tk(s)
s− λds.
(2.3)
As studied in depth by the author in [F14], the above construction yields
as a natural exploitation of an abstract framework involving manipulations
of shift-invariant operators that admits formal series expansions in terms of
the time derivative ∂t:
Lt =
∞∑
k=1
bk
(∂t)
k
k!
, with bk = [(Lt)
ktk]t=0.
Such construction looks similar to [CR14] (cf. [F18, Remark 4.1]), except
that the−iLt operator (i =
√−1) – appearing quite often on Dirac’s equation
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(cf. [R82, subsection 5.]) – is replaced by finite difference operators of the form
∇τΨ(x, t) = e−Ψ(x, t)−Ψ(x, t− τ)
τ
− e+Ψ(x, t+ τ) −Ψ(x, t)
τ
, (2.4)
for two given Witt basis on the time direction, e+ resp. e−, satisfying the set
of constraints
(e+)
2 = (e−)
2 = 0 & e+e− + e−e+ = 1.
The Cauchy problem that we propose to study here is of the form

e0
Ψ(x, t+ τ)−Ψ(x, t− τ)
2τ
+ e2n+1
2Ψ(x, t)−Ψ(x, t+ τ) −Ψ(x, t− τ)
2τ
= −DhΨ(x, t), for (x, t) ∈ hZn × τZ≥0
Ψ(x, 0) = Φ0(x), for x ∈ hZn
.(2.5)
Here and elsewhere
DhΨ(x, t) =
n∑
j=1
ej
Ψ(x+ hej , t)−Ψ(x− hej , t)
2h
+
+
n∑
j=1
en+j
2Ψ(x, t)−Ψ(x+ hej, t)−Ψ(x− hej, t)
2h
(2.6)
stands for the finite difference discretization for the Dirac operator, whereas
e0 and e2n+1 are two Clifford generators satisfying
(e0)
2 = −1 & (e2n+1)2 = +1.
The resulting Cauchy problem formulation over the space-time lattice
hZn× τZ≥0 mix first order approximations for the space-time derivatives, ∂t
and ∂xj respectively, on the ej−direction (j = 0, 1, . . . , n) plus n+ 1 second
order perturbation terms, satisfying the asymptotic conditions
2Ψ(x, t)−Ψ(x, t+ τ)−Ψ(x, t− τ)
2τ
= −τ
2
∂2tΨ(x, t) +O(τ
3)
2Ψ(x, t)−Ψ(x+ hej, t)−Ψ(x− hej, t)
2h
= −h
2
∂2xjΨ(x, t) +O(h
3).
Throughout this paper we shall assume that e0 and e2n+1 together with
e1, e2, . . . , en, en+1, en+2 . . . , e2n are the generators of the Clifford algebra
Cℓn+1,n+1, satisfying
ejek + ekej = −2δjk, 0 ≤ j, k ≤ n
ejen+k + en+kej = 0, 0 ≤ j ≤ n & 1 ≤ k ≤ n+ 1
en+jen+k + en+ken+j = 2δjk, 1 ≤ j, k ≤ n+ 1.
(2.7)
Under the canonical isomorphism Cℓn+1,n+1 ∼= End(Cℓ0,n+1) (see e.g.
[VR16, Chapter 4] for further details), the equivalence between our formula-
tion and the formulation considered by Constales and De Ridder in [CR14]
is rather obvious (cf. [F16, subsection 2.3]).
A note on the discrete CK extension 5
In particular, under the canonical identifications
e0 ↔ e− − e+ & e2n+1 ↔ e− + e+
we find that the finite difference operators
e0
Ψ(x, t+ τ) −Ψ(x, t− τ)
2τ
+ e2n+1
2Ψ(x, t)−Ψ(x, t+ τ)−Ψ(x, t− τ)
2τ
and (2.4) are indeed equivalent.
3. The discrete Cauchy-Kovalevskaya approach explained
3.1. Starting with a formal power series expansion
The formal construction of the discrete Cauchy-Kovalevskaya extension pro-
ceeds as follows:
Let us take first a close look for the equation
e0
Ψ(x, t+ τ) −Ψ(x, t− τ)
2τ
+e2n+1
2Ψ(x, t)−Ψ(x, t+ τ) −Ψ(x, t− τ)
2τ
= −DhΨ(x, t).
We notice here that the factorization property (Dh)
2
= −∆h (cf. [F16,
Proposition 2.1]) together with the identities (e0)
2 = −1 and (e2n+1)2 = +1
lead to
−∆hΨ(x, t) = −Dh (−DhΨ(x, t))
=
2Ψ(x, t)−Ψ(x, t+ τ) −Ψ(x, t− τ)
τ2
.
(3.1)
From the combination of the above two identities, we end up with
e0
Ψ(x, t+ τ) −Ψ(x, t− τ)
2τ
− e2n+1 τ
2
∆hΨ(x, t) = −DhΨ(x, t),
Moreover, from the set of identities (e0)
2 = −1 and e0e2n+1 = −e2n+1e0
involving the Clifford generators e0 and e2n+1 of Cℓn+1,n+1, there holds
Ψ(x, t+ τ)−Ψ(x, t− τ) = (2τe0Dh + τ2e2n+1e0∆h)Ψ(x, t). (3.2)
Here we recall that the left-hand side of (3.2) admits the formal series
expansion (cf. [F14, Example 2.3.])
Ψ(x, t+ τ)−Ψ(x, t− τ) = 2 sinh(τ∂t)Ψ(x, t).
Similarly to [F18, subsection 3.2.], one can conclude from the iden-
tity (3.2) that the solution of the Cauchy problem (2.5) may be represented
through the Exponential Generating Function (EGF, for short) type expan-
sion
Ψ(x, t) =
∞∑
k=0
Gk(t;−τ, 2τ)
k!
(
2τe0Dh + τ
2
e2n+1e0∆h
)k
Φ0(x). (3.3)
On the above formula Gk(t;−τ, 2τ) (k ∈ N0) denote the Gould poly-
nomials – the Sheffer sequence associated to the delta operator 2 sinh(τ∂t)
(cf. [R84, subsection 1.4.]).
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We recall here that (3.3) slightly differs from the one proposed in [RSS10,
pp. 1469 & 1470]. The main idea here to rid of the need of imposing skew-
Weyl constraints (cf. [RSKS10, section 3]) was the link between the solution
of the discrete Cauchy problem (2.5) with the solutions of the discrete har-
monic type equation (3.1) that lead us to a first order time-evolution equation
(2.6) encoded by the delta operator 2 sinh(τ∂t).
3.2. Operational Identities
In the previous section we have used the EGF endowed by the Sheffer se-
quence associated to the delta operator 2 sinh(τ∂t), to obtain a formal series
representation for the solution of the Cauchy problem (2.6).
Now we will see how the factorization of the finite difference opera-
tor 2τe0Dh + τ
2
e2n+1e0∆h together with rather simple properties involving
umbral calculus techniques lead to some interesting operational identities.
We start to observe that the set of relations (2.7) associated to the
Clifford generators of Cℓn+1,n+1 lead to the set of anti-commuting relations
e0Dh +Dhe0 = 0
e0Dh(e2n+1e0∆h) + (e2n+1e0∆h)e0Dh = 0,
and hence, to the factorization property
(
2τe0Dh + τ
2
e2n+1e0∆h
)2
= −4τ2∆h + τ4∆2h.
Thereby, the iterated powers
(
2τe0Dh + τ
2
e2n+1e0∆h
)k
appearing on
the right-hand side of the infinite summand (3.3) may be splitted on even
(k = 2m) and odd powers (k = 2m+ 1) as follows:
(
2τe0Dh + τ
2
e2n+1e0∆h
)2m
=
(
−4τ 2∆h + τ
4∆2h
)
m
(
2τe0Dh + τ
2
e2n+1e0∆h
)2m+1
=
(
−4τ 2∆h + τ
4∆2h
)m (
2τe0Dh + τ
2
e2n+1e0∆h
)
.
(3.4)
By the substitution of (3.4) into (3.3) we recognize, after some umbral
calculus manipulations involving the inverse L−1(s) = 1
τ
sinh−1
(
s
2
)
of the
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function L(s) = 2 sinh(τs) (cf. [F18, Appendix A]) that
Ψ(x, t) =
∞∑
m=0
22mG2m(t;−τ, 2τ)
(2m)!
(
−τ2∆h + τ
4
4
∆2h
)m
Φ0(x)+
+
∞∑
m=0
22m+1G2m+1(t;−τ, 2τ)
(2m+ 1)!
(
−τ2∆h + τ
4
4
∆2h
)m
×
×
[
τe0DhΦ0(x) +
τ2
2
e2n+1e0∆hΦ0(x)
]
= cosh
(
t
τ
sinh−1
(√
−τ2∆h + τ
4
4
∆2h
))
Φ0(x)+
+
sinh
(
t
τ
sinh−1
(√
−τ2∆h + τ
4
4
∆2h
))
√
−τ2∆h + τ
4
4
∆2h
×
×
[
τe0DhΦ0(x) +
τ2
2
e2n+1e0∆hΦ0(x)
]
.
(3.5)
3.3. The discrete Fourier analysis approach
In analogy to [F18, section 3.], the computation of the solution for the time-
evolution problems may be obtained with the aid of the discrete Fourier
transform (cf. [GS97, subsection 5.2.1])
(FhΨ)(ξ, t) =


hn
(2π)
n
2
∑
x∈hZn
Ψ(x, t)eix·ξ for ξ ∈ Qh
0 for ξ ∈ Rn \ (−pi
h
, pi
h
]n
,
(3.6)
where Qh =
(−pi
h
, pi
h
]n
stands for the Brioullin representation of the n−torus
R
n/ 2pi
h
Z
n (cf. [R82, p. 324]). Here we recall that the map Fh : ℓ2(hZn) →
L2(Qh) is an isometry so that
(F−1h Φ)(x, t) =
1
(2π)
n
2
∫
Qh
Φ(ξ, t)e−ix·ξdξ. (3.7)
Using the fact that the (Clifford) constants
dh(ξ)
2 =
n∑
j=1
4
h2
sin2
(
hξj
2
)
zh(ξ) =
n∑
j=1
−iej sin(hξj)
h
+
n∑
j=1
en+j
1− cos(hξj)
h
(3.8)
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are the Fourier multipliers of Fh ◦ (−∆h) ◦ F−1h resp. Fh ◦Dh ◦ F−1h , we get
that the EGF operational identity (3.5) on the momentum space Qh× τZ≥0
reads as
FhΨ(ξ, t) = cos
(
t
τ
sin−1
(√
τ2dh(ξ)2 +
τ4
4
dh(ξ)4
))
FhΦ0(ξ)+
+
sin
(
t
τ
sin−1
(√
τ2dh(ξ)2 +
τ4
4
dh(ξ)4
))
√
τ2dh(ξ)2 +
τ4
4
dh(ξ)4
×
×
[
τe0zh(ξ) − τ
2
2
e2n+1e0dh(ξ)
2
]
FhΦ0(ξ),
(3.9)
On the other hand, with the aid of the fundamental trigonometric iden-
tity
sin−1(s) = cos−1
(√
1− s2
)
for 0 ≤ s ≤ 1,
we realize that the condition dh(ξ)
2 ≤ 2
τ2
(
√
2 − 1) that yields from the
constraint
0 ≤ τ2dh(ξ)2 + τ
4
4
dh(ξ)
4 ≤ 1
allows us to represent (3.10) in terms of the Chebyshev polynomials of first
and second kind, Tk(λ) resp. Uk−1(λ), defined viz (1.1). Namely, one has
FhΨ(ξ, t) = T t
τ
(√
1− τ2dh(ξ)2 − τ
4
4
dh(ξ)4
)
FhΦ0(ξ) +
+ U t
τ
−1
(√
1− τ2dh(ξ)2 − τ
4
4
dh(ξ)4
)
×
×
[
τe0zh(ξ)− τ
2
2
e2n+1e0dh(ξ)
2
]
FhΦ0(ξ).
(3.10)
Finally, in the view of the discrete Fourier inversion properties (cf. [GS97,
p. 247]) we get that the formal solution (3.3) is given by the discrete convo-
lution formula
Ψ(x, t) =
∑
y∈hZn
hnKτ (x − y, t)Φ0(y), (3.11)
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involving the kernel function
Kτ (x, t) =
1
(2π)
n
2
∫
Qh
T t
τ
(√
1− τ2dh(ξ)2 − τ
4
4
dh(ξ)4
)
e−ix·ξdξ +
+
1
(2π)
n
2
∫
Qh
U t
τ
−1
(√
1− τ2dh(ξ)2 − τ
4
4
dh(ξ)2
)
×
×
[
τe0zh(ξ)− τ
2
2
e2n+1e0dh(ξ)
2
]
e−ix·ξdξ.
(3.12)
4. Integral Representation formulae
4.1. A Fourier representation formula for Kτ (x, t) on the space-time
We start this subsection by exploiting a quite unexpected hypersingular in-
tegral representation for the kernel function (3.12) by the Cauchy principal
value representations (2.3) for the Chebyshev polynomials of the first and sec-
ond kind. It turns out that it does not require any substantially new ideas:
We reformulate only the construction considered in [F18, subsection 5.1].
On the sequel we will make use of the factorization identities (cf. [F18,
subsection 2.1.])
zh(ξ)
2 = dh(ξ)
2 & zh(ξ)
4 = dh(ξ)
4
involving the Fourier multipliers (3.8) of Fh◦(−∆h)◦F−1h resp. Fh◦Dh◦F−1h .
First, we observe that for the change of variable s = cos(ωτ), with 0 ≤
ω ≤ π
τ
, it easily follows by straightforward integral simplifications involving
parity arguments that the Cauchy principal value representations (2.3) for
the Chebyshev polynomials (1.1) may be rewritten as (cf. [M93, p. 173])
T t
τ
(λ) = − τ
π
∫ pi
τ
0
sin(ωτ)
cos(ωτ)− λ sin(ωt)dω =
τ
2π
∫ pi
τ
−pi
τ
−i sin(ωτ)
cos(ωτ)− λ e
−iωtdω
U t
τ
−1(λ) =
τ
π
∫ pi
τ
0
1
cos(ωτ)− λ cos(ωt)dω =
τ
2π
∫ pi
τ
−pi
τ
1
cos(ωτ)− λe
−iωtdω.
(4.1)
Hence, by inserting the integral identities (4.1) on (3.12), there follows
through the substitution λ =
√
1− τ2zh(ξ)2 − τ44 zh(ξ)4 that
Kτ (x, t) =
=
τ
(2π)
n
2
+1
∫
Qh
∫ pi
τ
−pi
τ
−i sin(ωτ) + τe0zh(ξ)− τ22 e2n+1e0zh(ξ)2
cos(ωτ)−
√
1− τ2zh(ξ)2 − τ44 zh(ξ)4
e−i(ωt+x·ξ)dωdξ.
The above formula provides us an integral representation of (3.12) over
Qh×
(−pi
τ
, pi
τ
]
. This representation, that fulfils for values of dh(ξ)
2 satisfying
the condition
dh(ξ)
2 ≤ 2
τ2
(
√
2− 1)
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is nothing else than a space-time Fourier inversion type formula encoded by
the solution of (2.5) on the momentum space Qh ×
(−pi
τ
, pi
τ
]
.
4.2. Towards a fractional integro-differential type representation
We end this note by providing an alternative way to describe (3.12) by means
of a fractional integral representation of Bessel type (cf. [SKM93, part 27 of
Chapter 5]) for the term
−i sin(ωτ) + τe0zh(ξ)− τ22 e2n+1e0zh(ξ)2
cos(ωτ)−
√
1− τ2zh(ξ)2 − τ44 zh(ξ)4
. (4.2)
To do so, we make use of the Laplace transform identity (cf. [SKM93,
p. 21])∫ ∞
0
epλ
2
pβ−1Eα,β (sp
α) dp =
λ−2β
1− sλ−2α , for ℜ(λ
2) > |s| 1α & ℜ(β) > 0 (4.3)
involving the generalized Mittag-Leffler function Eα,β defined viz equation
(1.2), to obtain a regularization for the term (4.2).
We recall here that for the substitutions
s = cos(ωτ), λ =
√
1− τ2zh(ξ)2 − τ
4
4
zh(ξ)4 & α = β =
1
2
on (4.3) it readily follows that (4.2) admits the following integral representa-
tion
−i sin(ωτ) + τe0zh(ξ)− τ22 e2n+1e0zh(ξ)2
cos(ωτ) −
√
1− τ2zh(ξ)2 − τ44 zh(ξ)4
=
= −
∫ ∞
0
(
−i sin(ωτ) + τe0zh(ξ)− τ
2
2
e2n+1e0zh(ξ)
2
)
e
−p
(
τ2zh(ξ)
2+ τ
4
4
zh(ξ)
4
)
×
×
E 1
2
, 1
2
(
cos(ωτ)
√
p
)
√
p
epdp.
Hence, after a wise interchanging on the order of integration ofKτ (x, t),
there holds the curious integral representation formula:
Kτ (x, t) =
∫ ∞
0
[
1
(2π)
n
2
∫
Qh
e
−p
(
τ2zh(ξ)
2+ τ
4
4
zh(ξ)
4
)
FhHτ (zh(ξ), t; p)e−ix·ωdξ
]
epdp.
Here, FhHτ (zh(ξ), t; p) stands for the auxiliar function
FhHτ (zh(ξ), t; p) = − τ
2π
∫ pi
τ
−pi
τ
(
−i sin(ωτ) + τe0zh(ξ)− τ
2
2
e2n+1e0zh(ξ)
2
)
×
×
E 1
2
, 1
2
(
cos(ωτ)
√
p
)
√
p
e−iωtdω.
(4.4)
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Furthermore, after some straightforward manipulations involving the
inversion of the discrete Fourier transform Fh (cf. [GS97, p. 247]) we conclude
that the discrete convolution formula (3.11) is equivalent to the subordination
formula
Ψ(x, t) =
∫ ∞
0
e
p
(
−τ2∆h+
τ4
4
∆2h
)
Hτ (Dh, t; p) [Φ0(x)] e
pdp,
involving the integro-difference operator Hτ (Dh, t; p) defined through equa-
tion (4.4), and the semigroup
{
e
p
(
−τ2∆h+
τ4
4
∆2h
)}
p≥0
endowed by the Cauchy
problem of differential-difference type

∂pΨ(x, p) = −τ2∆hΨ(x, p) + τ44 ∆2hΨ(x, p) , (x, p) ∈ hZn × [0,∞)
Ψ(x, 0) = Φ(x) , x ∈ hZn
.(4.5)
The description considered above looks tailor-suited for operational pur-
poses, since it combines some well-know facts from Chebyshev polynomials
with a fine integral representation involving the generalized Mittag-Leffler
function (1.2), leading to a quite unexpected link between the Cauchy prob-
lem (2.5) besides the discrete Cauchy-Kovalevskaya extension, and the Cauchy
problem (4.5) of heat type. Perhaps an exploitation of this construction may
be easily found for Gegenbauer polynomials, or for more general families of
ultraspherical polynomials by means of Jacobi expansions (cf. [V17]). For
now we will leave this question open for the interested reader.
Last but not least, after completion of this work we learnt from [SW00,
MSW02, P09] that the incorporation of tools from fractional integral calculus
on the discrete setting is almost well-known on the harmonic analysis comu-
nity. On the Clifford analysis community, this is surely a new research topic
that deserves to be developed.
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